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■ Abstract. The lemma given by Schmitt and Vogel is an important tool in the 

study of arithmetical rank of squarcfrcc monomial ideals. In this paper, we give a 
Schmitt- Vogel type lemma for reductions as an analogous result. 
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0. Introduction 



Throughout this paper, let R be a commutative Noetherian ring with non-zero 
identity. Let I be an ideal of R. Then the arithmetical rank of / is defined by 

<T^ ara/ := min{r : there exist some a%, . . . ,a r G R such that a/ (ai, . . . , a r ) = vT}. 

If ■>/ (ai, . . . , a r ) = \fl holds, then we say that a\,...,a r generate / up to radical. 

Assume that R is a polynomial ring over a field K and / is generated by squarefree 
monomials. Then we have the following inequalities: 

height / < pd R R/I = cd(J) < ara/ < //(/), 

where height / (resp. pd R R/I, cd(J), denotes the height of / (resp. the pro- 

jective dimension of R/I over R, the cohomological dimension of J, the minimal 
number of generators of J); see e.g. [7|. Many researchers, e.g. Barile [H El El IH E] , 
Schmitt and Vogel [TT] and the authors [H [S] have proved ara/ = pd R R/I using 
the following lemma given by Schmitt and Vogel [11] or its generalizations. 

Fact (Schmitt and Vogel [TTJ Lemma, p. 249]). Let V he a finite subset of R, and 
let I be the ideal generated by V. Let r > be an integer. Assume that there exist 
subsets Vq, V\, . . . , V r ofV such that the following conditions are satisfied: 
X i (i) V = V UV 1 U---UV r . 

(ii) t|7>o = l. 

(iii) For each £ (0 < i < r) and for every a, a" G Ve with a ^ a" , there exist an 
integer £' (0 < £' < £), and elements a' G TV, such that aa" G (a'). 

If we set 

then V? = y/(go,gi,...,g r )- 

An ideal J C / is said to be a reduction if there exists some integer s > 1 such that 
I s+1 = JP holds. When this is the case, vJ = vT holds. If J is minimal among 
reductions of / with respect to inclusion, then it is said to be a minimal reduction 
of /. Let R be a polynomial ring over a field K and I a homogeneous ideal of R, 
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or let R be a local ring with unique maximal ideal m and K = R/m and I an ideal 
of R. If K is infinite, then for any (homogeneous) ideal J, we can take a minimal 
reduction J of I and the minimal number of generators of J is independent of the 
choice of J; see [5J- The number of generators of J is called the analytic spread of 
I (denoted by and it gives an upper bound for arai. In the commutative ring 
theory, the minimal reduction plays an important role because it admits the same 
integral closure as the original ideal. Moreover, the analytic spread is equal to the 
Krull dimension of the fiber cone F(I) = © n > ^ n / m ^ n of 7 in a local ring (R, m), 
and hence it is an important invariant. 

The main purpose of this note is to give an analogous result of the lemma due 
to Schmitt and Vogel [Til Lemma, p. 249] for reductions; see Theorem 11.11 For 
instance, let us consider the following monomial ideal in a suitable polynomial ring 
R: 

(o.i) / = (xu, . . . , x lhl ) n • • • n (x q i, X qhq ). 

In order to give an upper bound for cd(J), Schenzel and Vogel [10] computed 
depth R/I e for all £ > 1, and proved 

i 

cd(J) < £{I) < depth R - inf depth R/f = h i ~ Q + 1 ( = P d i? R / J ) > 

i=i 

where the second inequality is known as Burch's inequality. On the other hand, 
Schmitt and Vogel [11] constructed pd R R/I generators up to radical using their 
lemma. By using Theorem 11.11 instead of their lemma, we can provide a minimal 
reduction with pd R R/I generators; see Example 11.31 

In Section 2, we prove the main theorem. In order to do that, we give analogous 
results (see Theorems 12.11 12. 5p of generalizations of the lemma due to Barile for 
reductions, and prove them. 

1. Schmitt- Vogel type lemma for reductions and its application 

The following theorem is the main result in this paper, which gives an analogous 
result of [UJ Lemma, p. 249] proved by Schmitt and Vogel. Note that the theorem 
immediately follows from Theorem 12. 11 which will be proved in Section [2J 

Theorem 1.1 (Schmitt— Vogel type lemma for reductions). LetV be a finite 
subset of R, and let I be the ideal generated by V . Let r > be an integer. Assume 
that there exist subsets Vo,Vi, . . . ,V r of V such that the following conditions are 
satisfied: 

(SV1) V = V UV 1 U---UV r . 
(SV2) p = 1. 

(SV3) For each I (0 < i < r) and for every a, a" £ Vi with a ^ a" , there exist an 
integer £' (0 < £' < £), and elements a' £ TV, b £ I such that aa" = a'b. 

If we set 

9t = a ' e = °' ' ' ' ' r ' 

a€P e 

then J = (go, g±, . . . , g T ) is a reduction of 1 . 
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We now restrict our attention to the following case: R is a polynomial ring over 
a field K and I is a squarefree monomial ideal of R. In this application 
of the above theorem, we have the following result. 

Corollary 1.2. Let R be a polynomial ring and I a squarefree monomial ideal of 
R. Assume that there exist finite subsets Vq, . . . ,V r of R satisfying the assumptions 
in Theorem for r = pd R R/I — 1. Then (<7o, <7i> ■ ■ ■ >5V) ^ a minimal reduction 
of I , and £(I) = ara I = pd R R/I = r + 1 . 

Proof. Since J is a squarefree monomial ideal, we have 

r + 1 = pd R R/I = cd(I) < ara / < 1(1). 

On the other hand, Theorem 11.11 implies £(I) < r + 1. Hence we get the desired 
assertion. □ 



We can apply our results to Alexander dual of complete intersection monomial 
ideals; see below. 

Example 1.3 (Alexander dual of complete intersection monomial ideals). 

Let I C R be a squarefree monomial ideal of the following shape: 

(l.i) (xn, . . . , x lhl ) n • • • n [X q i, X ghq ), 

where R = K[xn, . . . , Xi^, ■ ■ ■ , x q i, . . . , x q h q ] is a polynomial ring over a field K. 
Note that I can be regarded as the Alexander dual of complete intersection monomial 
ideal (x n ■ ■ -x lhl , ...,x ql --- x qhq ) lfh 1 ,...,h q > 2. 
Set r = hi + ■ ■ ■ + h q — q and 

gi= ^ x Ux x 2t> 2 ---x q e q , £ = 0,l,...,r. 

ii+-+£ q =l 

Then (g , gi, . . . , g r ) is a minimal reduction of /. In particular, 

q 

1(1) = ara / = pd R R/I = - q + 1. 

i=i 

Proof. It is known that 

r + 1 = pd R R/I = ara / < £(/); 

see e.g. jTTJ Theorem] or [3 Section 5]. 
For each £ = 0, 1, . . . , r, we set 

V £ = {x Ul ■ ■ ■ x q£q : 1 < £j < hj, li + ■ ■ ■ + i q = £ + q} . 

Then / is generated by all monomials in P U ■ ■ • U P r , and Po consists of only one 
element i u ■ • • x q \. Thus it suffices to show that if a, a" 6 with a 7^ a" then there 
exist a' e T 7 ^ for some £' < £ and fee / such that aa" = a'b. Write 

a 

d X\i 1 X2i 2 ' ' ' Xqi q1 a x lji x 2j2 ' ' ' X qjqi 

where i\ + ■ ■ ■ + i q = j\ + ■ ■ ■ + j q = £ + q. As a 7^ a", there exists an integer k 
(1 < k < q) such that ik > jk- We may assume that k = 1 without loss of generality. 
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Then if we set 

/ 7 // X H\ J 

CL & %lji%2i2 ' ' ' ^qiqi " O • X\i 1 X2j 2 ' ' ' ^qjq -* j 

then aa" = a'b and a' G TV, where 

V = ji + ^2 H h i g - g < «i + «2 H h - ? = £■ 

Hence we can apply Corollary 11.21 □ 

Remark 1.4. We use the same notation as in Example 11.31 Schmitt and Vogel 
[IT] proved ara/ = pd R R/I by showing a/ (go, <7i, • • • , <?r) = V^- Thus the above 
example gives an improvement of their result. 

We can generalize Example 11.31 as follows. 

Proposition 1.5. For each i = 1, 2, . . . , s, let Ii be a squarefree monomial ideal of 
the shape ( II. ip .- 

1 9 ( l ) 

Let G(Ii) be the minimal set of monomial generators of Ii. Suppose that there are 
no variables which appear in both G(Ij) and G(Ij) for each i,j with i ^ j . For Ii, 
set gf' as in Example UTR Then 

{gf : i = l,...,s,£ = 0,l,...,h!t ) + --- + h%-q®) 

is a minimal reduction of I\+- ■ -+I S . In particular, i{I\+- ■ -+I S ) = £(Ii)+- • ■+£(I S )- 

In order to prove Proposition 11.51 it is enough to show the following lemma. 

Lemma 1.6. Let R, S be polynomial rings over a field K with no common variables, 
and put T = R ®k S . Let I C R (resp. J C S ) be a squarefree monomial ideal. 
Then: 

(1) pd T T/(IT + .IT) = v d R R/I + pd 5 S/J. 

(2) Assume that Vo, Vi, . . . , V r C R (resp. Qo, Qi, . . . , Q s Q S ) satisfies (SV1), 
(SV2) and (SV3) in Theorem \l.l[ Then Vo, Vi, ■ ■ ■ , V r , Qo, Q\, ■ ■ ■ ,Q S also 
satisfies the same conditions as finite subsets ofT. 

Proof. (1) Let F, (resp. G,) be a minimal free resolution of R/I over R (resp. S/J 
over 5"). Then F, §§k G, is a minimal free resolution of T / (IT + JT). Thus we have 
pd T T/(IT + JT) = pd R R/I + pd 5 S/J. 

(2) It is clear by definition. □ 

Remark 1.7. We use the same notation as in Lemma [L6l Then it is easy to see that 
ara(/T + JT) < ara / + ara J holds. If both ara / = pd^. R/ 1 and ara J = pd s S/ J 
hold, then the equality holds. But we do not know whether it is always true. 
Moreover, it seems that a similar result holds for analytic spreads, but we do not 
have any proof in general. 
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2. Proof of the theorem 

In this section, we prove Theorem 11.11 which is an analogous result of the lemma 
by Schmitt-Vogel for reductions. But the lemma has been generalized by Barile 
[H [3] ; see also [5] for another version. So, in this section, we prove analogous results 
for two generalizations by Barile; see Theorems 12. 1[ 12.51 

The following theorem gives an analogous result for Barile [21 Lemma 2.1], which 
is a generalization of Theorem 11.11 

Theorem 2.1. Let V C R be a finite subset, and put I = (V). Let Vo,Vi, . . . ,V r 
be subsets ofV. Assume that the following conditions: 

(Bl) V = V UV 1 U---UV r . 
(B2) tJP = 1. 

(B3) For each I (0 < I < r) and for every a, a" G Ve with a ^ a" , there exists an 
integer m > 1 such that (aa") m G (V U • • • U 7Vi)I 2m-1 . 

Set 

^ £ = 0,1, 
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Then J = (g , g±, . . . , g r ) is a reduction of I . 

Remark 2.2. The difference between Theorem 12.11 and the original result of Barile 
[5] is in the condition (B3). The condition of the original result corresponding to 
(B3) is 

(B3)' For each i (0 < I < r) and for every a, a" G Ve with a ^ a", there exists an 
integer m > 1 such that (aa") m G (V U • • • U Vi-i). 

Proof of Theorem \2.1\ Since J C J, it suffices to show I s+1 C JI S . In order to do 
that, we set §Pe = Q and U = (Vo U • • • U Ve) for each £ = 0, 1, . . . , r. Moreover, for 
each £, we can choose an integer m>£ > I such that 

{aa") mi e Ie-J 2 " 11 ' 1 
for all a, a" G with a 7^ a" by assumption. Then it is enough to prove 

(2 1) / r: ""V" i ^ jci---cj- 1 mv--m j -ij( ci ---c j - 1 mi---m,j^i)(c j m j -l) _j_ j j ■■■),, , : 

for each j = 0, 1, . . . , r. 

The case of j — is clear because Iq = (Vo) = (go) C J. 

Now suppose j = i > 1 and assume that (12.11) holds for every j ' < £ — 1. To 
prove (12.11) for j = £, it is enough to show that for arbitrary c\ • ■ ■ cpi ■ • • iri£ 
elements (to take the same elements is allowed) in Vo U ■ ■ ■ U Ve, the product of 
all elements is contained in the right hand side of (12.11) . We divide these elements 
into Ci ■ ■ • Q_imi • ■ ■ mi_i sequences of elements, and show that the product of 
the elements in each sequence is in /£_ 1 / Qmf_1 + JJ c « m « -1 . 

In what follows, we discuss about only one sequence. If there exists an element 
of Vo U • • • U Vi-i in the sequence, then it is clear that the product is in Ie_iI Cinil ~ l . 
Therefore, we may assume that all elements in the sequence are in Ve- If we can 
find a pair (a, a") with a 7^ a" which appear at least me times in this sequence, 
then the assumption (B3) yields that the product of all elements in the sequence 
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is contained in I^il cimt ~ 1 . Otherwise, we pick up an element a\ the number of 
times (say, d) which appears in the sequence is maximal. Note that d > mg. Let 
Vt = {ai, a 2 , ■ ■ ■ , a Ce }. Then the product of all elements in the sequence is 



i=2 

-ge ■ (the products of Qm f — 1 elements of Vi) 



d—mi 



k2 ^ c 



CL 2 ' ' ' Qcp 



-ge ■ (the products of Qm f — 1 elements of Vi) 



do 



k' K. 



where k 2 + . . . + k Cl = C£rri£ — d and k 2 + ■ ■ ■ + k' — (q — l)m£. Then there exists 
an integer j with 2 < j < q such that kj > m^. By a similar argument as above, 
the right-hand side is contained in Jl c t m t~ x + I e __ 1 I Cime ~ l . Hence we have finished 
the proof. □ 

Proof of Theorem ! Assume that I satisfies (SV1),(SV2), and (SV3). Then it 
also satisfies (Bl), (B2) and (B3). Hence the assertion immediately follows from 
Theorem 12.11 □ 



In the proof of the following two examples, we need Theorem 12.11 instead of The- 
orem [TTTJ 

Example 2.3. Let K be a field, and let m > 2 be an integer. Consider the 
hypersurface R = K[[x, y, z]}/(x m y m — z 2m ). For an ideal / = (x, y, z)R, we put 

V = {z}, Vx = {x,y}. 

Then since (xy) m = z ■ z 2m ~ x G (Vo)I 2m _1 , we can conclude that x + y, z is a 
(minimal) reduction by virtue of Theorem 12.11 But we cannot apply Theorem 11.11 
to this case because xy ^ (z). 

Example 2.4. Let R = K[x±,x 2 , £3, £4, £5, xq] be a polynomial ring over a field K. 
For an ideal 

/ = (X\X 2 +X1X3, £1X4, X1X5, XiX 6 ,X 2 X 5 , X 2 X 6 , £ 3 £ 4 , £ 3 £ 6 , £ 4 £ 5 , £ 4 £ 6 , x 5 x 6 ), 

we put 

V = {xix 6 }, Vi = {X1X5, £ 2 £ 6 }, 

V 2 = {xix 4 , x 3 x 6 }, Vz = {x 2 x 5 , £ 4 £ 6 }, 

P 4 = {x 3 x 4 , x 5 x 6 }, V 5 = {x 1 x 2 + x 1 x 3 , X 4 X 5 }. 

Then we can conclude that 

J = (xiXq, £1X5 + X 2 Xq, X\Xi + X3X6, X 2 X^ + X 4 X6) X3X4 + X5X6, X\X 2 + X1X3 + X4X5) 
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is a (minimal) reduction of / by Theorem 12.11 But we cannot apply Theorem 11.11 
because the product of (xix 2 + Xix 3 ) G V$ and x 4 x 5 G V^ is not contained in the 
ideal (a') for any element a' G Vo U • • • U "P 4 . 

Next, we refine the result by Barile [H Proposition 1.1] 

Theorem 2.5. Assume that R is a local ring. Let V C R be a finite subset, and let 
Vo,Vi, . . . ,V r be subsets ofV. We set %Vi = q for all £ and I = (V). Assume that 
the following conditions are satisfied: 

(Bal) V = V UV 1 U ■ ■ - UV r . 
(Ba2) $P = 1. 

(Ba3) For each £ (0 < £ < r) with c# > 2, there exists an integer ni with 2 < ri£ < q 
such that for arbitrary distinct elements pi,p 2 , ■ ■ ■ ,Pn e £ Pi, there exist 
an integer £' with < £' < £, elements p' G Vy and b G I nt ~ l such that 
PiP2---Pn e =p'b. 

For < £ < r with q = 1, we set = 2. For each I — 0, 1, . . . , r, let A^ = (a\j) 

be an [n^ — 1) x q matrix with of) G R. Assume that all maximal minors of A^ 
are unit in R. Set 

gf ] = a ijPf\ 1 < * < n £ ~ !> 0<£<r, 

3=1 

J = ( g W ■ o < £ < r , l<i<n e -l). 
Then J is a reduction of I. 

Remark 2.6. The difference between Theorem 12.51 and the original result of Barile 
[1] is in the condition (Ba3). The condition of the original result corresponding to 
(Ba3) is 

(Ba3)' For each £ (0 < £ < r) with q > 2, there exists some integer ng, 2 < ng < q 
such that for arbitrary n t distinct elements Pi,P2, ■ ■ ■ ,Pn e G Ve, there exist £' 
with < £' < £ and p' G Ve, such that pip 2 ■ ■ -p ne G {p'). 

Proof of Theorem \2.5[ It is enough to show I s+1 C J I s for some s > 0. 

For each £ = 0, 1, . . . , r, we set U = (Vo U • • • U Vg). Then it is enough to prove 

^2 2) j-noni ■■■n j ^_ jrto n i--' n j-i j(noni---n :) _i)(n :) — 1) _|_ j jnoni---rij — 1 

for each j = 0, 1, . . . , r. 

The case of j = is clear because po = go G J by the assumption (Ba2). 

Now suppose j — i > 1 and assume that (I2.2p holds for every j ' < I — 1. In 
order to prove (12.21) for j = £, it is enough to show that for arbitrary n ni ■ ■ ■ 
elements (to take the same elements is allowed) in P U • ■ ■ U?;, the product of these 
elements is contained in the right hand side of (12.21) . We divide these elements into 
norii ■ ■ ■ np^i sequences of ne elements, and show that the product of all elements in 
each sequence is contained in Ii_\I ni ~ l + JI ni ~ x . 

In what follows, we discuss about only one sequence. If there exists an element 
of Vq U • • • U Vi-\ in the sequence, then it is clear that the product is contained in 
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I(,-xI ni ~ 1 . Therefore, we may assume that all elements in the sequence belong to 
In the following, we omit the symbol t for simplicity. Consider the product 
H = p\ 1 p k 2 2 ■■■P k c % k x + k 2 + --- + k c = n, ki>0 

and set 

t := t(ji) : = : h = 1}. 

We prove \x G Ii^\I Ul ~ x by descending induction on t (0 < t < n). 

If t = n, then /i is a product of distinct n elements in Ve. It follows that fi G 
Ii-\I nt ~ x by the assumption (Ba3). 

Now we consider the case where < t < n — 1 . Then we can assume without loss 
of generality that k\ = k 2 = ■ ■ ■ = k t = 1 and fcj > 2 for any % > t. Notice that 
t < n — 2. Let A' be the (n — 1) x {n — 1) submatrix of A consists of first n — 1 
columns of A. By assumption, A' is invertible. Since R is local, we may assume 
that it is possible to transform the matrix A to the matrix B = (6^) having the 
same size as A with 6^ = 5ij for I < i < n — 1, 1 < j < n — lby elementary row 
operations. Then we put 

c 

g't+i = Pt+i + 5^ h+uPj g J. 

j=i+2 

Since kf+i > 2, we have 

fct+i— i 



j=t+2 ' 

(C fci+l-1 
- 5^ P k t+2 ■ ■ 'Pi" 



i=i+2 



= (an element of J/ n x ) + ^^(an element of i?) ■ pip 2 ■ ■ ■ PtPt+iPt+2 ' ' 'Pn"i 
where 

t + 1 + /^ +2 H h A;^ = t + k t+ i + A; t+2 H h & n = n. 

Then the induction hypothesis implies that the second term in the last equation is 
contained in Ie-il n ~ l + J r J n_1 . This completes the proof. □ 

In the next example, the analytic spread of I is known, but we can provide a 
concrete minimal reduction using Theorem 12.51 

Example 2.7. Let r > 2 be an integer. Set / — {x\X 2l x 2 x^, . . . , x 2r —\X 2r , %2r%i\ 
the edge ideal of the 2r-cycle (r > 2). Put 

Vi^ {x 2i+1 x M+2 }, £ = 0, l,...,s- 1, 

= {^2^3; X4X5, . . . , X2r-2^2r-l, X 2r Xi}. 
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Then the assumptions of Theorem 12.51 are satisfied with = 2 for £ = 0, 1, . . . , r — 1 
and n r = r. Moreover, since all maximal minors of the matrix 

/ 1 1 \ 

n 1 1 

V 1 i/ 

are unit in R, we obtain that 

X1X2, X3X4, . . . , X2r-\X2ri X2X3 + X2r^l, ^4^5 + X2 r X\, . . . , S^r— 2^2r— 1 + 3^2r^l 

is a reduction of / by Theorem 12.51 

On the other hand, we have £(I) = 2r — 1 due to Vasconcelos [13j because any 2r- 
cycle is a bipartite graph. In particular, the above reduction is a minimal reduction 
of I. 

In the following example, we cannot apply the above theorem, but we can find a 
minimal reduction by a similar argument as in the proof. 

Example 2.8. Let R = K[x\, X2, x 3 , X4, X5] be a polynomial ring over an infinite 
field K, and let a,b,c,d e K \ {0} be distinct elements with each other. Let / be 
the edge ideal of the complete graph K 5 , that is, I is the ideal generated by the 
following squarefree monomials of degree 2: 

XiX 2 , XiX 3} X1X4, XiX 5 , X 2 X 3 , X 2 X Al X 2 X 5} X3X4, £3X5, x 4 x 5 . 

Set 

V = {xix 2 }, Vi = {x 2 x 3 , X4X5}, 

V 2 = {x 3 x 4 , £1X5}, V 3 = {xi£ 3 , X1X4, x 2 x±, x 2 x 5 , x 3 x 5 }, 

and It = (Po U • • • U V t ) for each £ = 0, 1, 2. If we put 

90 = %i%2, 

91 = x 2 x 3 + X4X5, 
5-2 = 2:3^4 + x x x 5 , 

g 3 = Xix 3 + ax\X^ + 6x 2 x 4 + cx 2 x 5 + Gfe 3 a; 5 , 

g 4 = X1X3 + a 2 xix 4 + b 2 x 2 x 4: + c 2 x 2 x 5 + d 2 x 3 x 5 , 

then J = (go, g\, g2, g 3 , g^) is a (minimal) reduction of / by a similar argument as in 
the proof of Theorem 12.51 Indeed, we note that 7| C (g Q , g 1 , g 2 )I 2 . 

Ackowledgement. The first-named author was supported by JST, CREST. The 
second-named author was supported by JSPS 20540047. The third-named author 
was supported by JSPS 19340005. 
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